Abstract. We prove that
Let p be a prime and a be an integer with p ∤ a. The Fermat little theorem asserts that a p−1 ≡ 1 (mod p).
For an non-negative integer n, define [n] q by
[n] q := 1 − q n 1 − q = 1 + q + · · · + q n−1 .
We say [n] q is the q-analogue of the integer n since lim q→1 [n] q = n. If a and b are two positive integers with a ≡ b (mod n), then we have
where the above congruence is considered in the polynomial ring
Then we have a q-analogue of Fermat's little theorem:
The readers may refer to [1, 4, 3, 2] for more q-congruences.
A well-known extension of Fermat's little theorem is Euler's totient theorem:
for any positive integers n and a with (a, n) = 1, where φ is the Euler totient function. However, another generalization of Fermat's little theorem was found by
for any positive integers n and a (not necessarily co-prime), where µ is the Möbius function. In this short note, we shall give a q-analogue of Gauss' divisibility theorem.
Theorem 1. For any positive integers n and a,
where b = (n, a) is the greatest common divisor of n and a.
Let
So it suffices to show that F (ζ s nb ) = 0 for each 1 ≤ s ≤ nb with n ∤ s. Notice that By Lemma 1
Lemma 2.
1≤j≤m m∤jt
Proof.
Now by Lemmas 1 and 2,
Thus our desired result immediately follows from the next lemma.
Lemma 3.
provided that n ∤ tb. by noting that n = uv since uv | tb and n ∤ tb.
